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Abstract
A new topological field theory is constructed, which is characterized by cu-
bic interactions similar to those of non-abelian Chern-Simons field theories, but
still retains the simplicity of the abelian case. The perturbative expansion of
this theory contains in fact only two connected Feynman diagrams, the prop-
agator and a three vertex. Apart from the Gauss linking number, the Wilson
loop amplitudes generate a further topological invariant, whose physical and
mathematical meaning is investigated.
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1 Foreword
In several situations it has been experimentally observed that the topological
properties of certain physical systems may influence their behavior to a relevant
extent. This is for instance the case of vortex structures in nematic liquid
crystals [1] and in 3He superfluids [2]. Other examples are provided by polymers
[3] or by the lowest lying excitations of two-dimensional electron gases, which
have topological non-trivial configurations at some filling fractions [4]. In the
investigation of phenomena related to the presence of topological constraints
in the system, the use of quantum or statistical mechanical models coupled to
abelian Chern–Simons (C-S) field theories [5] has been particularly successful.
One reason of this success is the fact that abelian models do not require a
complex mathematical treatment as their non-abelian counterparts and thus
their physical meaning is more transparent.
Motivated by possible applications in physics, the aim of this work is the
construction of a topological field theory with non-trivial cubic interactions
similar to those of non-abelian C-S field theories, but which still retains the
simplicity of the abelian case. As a result of this effort an exactly solvable
topological field theory is obtained, called hereafter truncated topological field
theory or briefly TTFT, which contains only two connected Feynman diagrams
in its perturbative expansion. The name of the theory is owing to the fact
that any further expansion of the perturbative series, which could in principle
generate new diagrams, has been truncated by the introduction of suitable
constraints. From the computation of the Wilson loop amplitudes it turns out
that, apart from the Gauss linking number that is already present in the abelian
C-S field theory, the TTFT delivers a further topological invariant, which can
be interpreted as an Hopf term.
The material presented in this paper is divided as follows. A naive topo-
logical field theory consisting of three BF–models [6] coupled together by cubic
interaction terms is investigated in Section 2. Since this theory is topological,
it is convenient to choose as its observables the so-called Wilson loops. Un-
fortunately, after the insertion of the Wilson loops in the partition function in
order to compute their amplitudes, one observes that the constraints generated
by the longitudinal components of the fields become inconsistent with the rest
of the equations of motion. This problem is solved in Section 3 by enlarging
the gauge group of the naive model via the addition of suitable topological
terms to its action. In this way a well defined TTFT is obtained, in which the
longitudinal components of the fields are harmless, because they correspond to
pure gauge field configurations and are thus irrelevant. In Section 4 the Wilson
loops amplitudes of the TTFT are computed in the Lorentz gauge, showing
that they contain a single topological invariant apart from the Gauss linking
number. The physical and mathematical meaning of this invariant is inves-
tigated. Finally, the Conclusions and a possible extension of the TTFT are
presented in Section 5.
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2 Problems with Cubic Interactions in Abelian
BF–Models
In the quest for a topological field theory which generates only a finite number
of topological invariants, it is natural to start from the naive action:
S =
∫
d3x
[
κ
4π
Ω˜
i
· (∇×Ωi) + ΛΩ1 · (Ω2 ×Ω3) + Ji · Ω˜
i
]
(1)
For simplicity, S has been defined here on a three dimensional Euclidean space.
In Eq. (1) κ and Λ denote real coupling constants, while Ω˜
i
and Ωi, i = 1, 2, 3,
form a set of six abelian vector fields. The Ji’s are assumed to be conserved
external currents, i.e. such that ∇ · Ji = 0. Analogous sources coupled to the
fields Ωi have been omitted for a reason which will be clear below. Summation
over repeated indices is everywhere understood. The action S describes a BF–
model [6] with the addition of a cubic interaction term. In components, Eq. (1)
becomes
S =
∫
d3x
[
ǫµνρ
(
κ
4π
Ω˜iµ∂νΩ
i
ρ + ΛΩ
1
µΩ
2
νΩ
3
ρ
)
+ Jµi Ω˜
i
µ
]
(2)
where, as a convention, greek letters label space indices, while roman letters
distinguish different vector fields. Finally, ǫµνρ is the Levi-Civita tensor density
defined so that ǫ123 = 1.
Let us note that the fields Ω˜
i
play in (1) the role of pure Lagrange multipli-
ers, which constrain the fields Ωi and neutralize possible radiative corrections.
Moreover, at the classical level there are only two connected Feynman diagrams,
which are shown in Fig. 1. They correspond to the field propagators and to
ii
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Figure 1: Feynman rules corresponding to the action (1). Dashed lines propagate Ω˜
i
fields while solid lines are associated to Ωi fields.
the three-vertex associated to the cubic interaction term present in Eq. (1).
Higher order tree diagrams, which could in principle be generated by con-
tracting together the legs of many three-vertices, are actually ruled out due to
the off-diagonal structure of the propagators, which forbids any self-interaction
among the fields Ωi. For the same reason, the source term
∫
d3xJ˜i ·Ω
i for the
fields Ω˜
i
, where the J˜i’s, i = 1, 2, 3, are conserved external currents, has been
omitted from Eq. (1). As a matter of fact, the addition of such term would not
3
change the dynamics of the fields Ωi and, besides, it is easy to see that it can
be eliminated by a shift of the Lagrange multipliers Ω˜
i
.
Clearly, the action S is metric independent and its topological properties
are not spoiled by quantum corrections, since the latter vanish identically as
previously remarked. Thus, we are in presence of a topological field theory,
which is also invariant under the following abelian gauge transformations
Ω˜
i
(x)→ Ω˜
i
(x) +∇λ˜i(x) (3)
As a consequence, one may choose as observables metric independent and gauge
invariant operators like the Wilson loops:
Wi(C) = exp
[
i
∮
Γ
dx ·Ωi
]
(4)
Γ is defined here as a superposition of closed non-intersecting paths γ, γ′, γ′′, . . .,
i. e. Γ = γ+γ′+γ′′+ . . ., so that a generic correlation function of Wilson loops
is given by1:
〈W1(Γ1)W2(Γ2)W3(Γ3)〉 =
∫ [ 3∏
i=1
DΩiDΩ˜
i
]
e−iS (5)
In writing the above equation, the insertion of Wilson loops has been taken
into account by making the special choice of external currents:
J
µ
i =
∮
Γi
dx
µ
i δ(x − xi) (6)
δ(x) being the Dirac δ−function.
Unfortunately, any attempt to compute the amplitude (5) runs into trou-
bles due to the longitudinal components of the fields, whose role has not been
discussed so far. In the case of the Ω˜
i
-fields, it is possible to get rid of them by
fixing the gauge in such a way that:
∇ · Ω˜
i
= 0 (7)
Yet, the undamped longitudinal components of the fieldsΩi remain in the cubic
interaction term of Eq. (1) and introduce new constraints which, without any
treatment, lead to inconsistences in the theory. To see how the problem arises,
we investigate the classical equations of motion associated to the action (1). A
variation of S with respect to the fields Ω˜iµ produces the constraints:
κ
4π
∇×Ωi + Ji = 0 (8)
1Actually, we will see later that, due to the simplicity of the theory under consideration, the only
relevant correlation function of Wilson loops occurs when Γi = γi, i = 1, 2, 3.
4
An analogous variation with respect to the fields Ωiµ yields as a result the
following relations:
κ
4π
∇× Ω˜
1
+ ΛΩ2 ×Ω3 = 0 (9)
κ
4π
∇× Ω˜
2
− ΛΩ1 ×Ω3 = 0 (10)
κ
4π
∇× Ω˜
3
+ ΛΩ1 ×Ω2 = 0 (11)
It is easy to check that the general solutions of the constraints (8) are:
Ωiµ = b
i
µ + ∂µω
i (12)
In the above equation we have put
biµ(x) =
1
κ
ǫµαβ
∫
d3y
(x− y)α
|x− y|3
J
β
i (y) =
1
κ
ǫµαβ
∮
Γi
dx
β
i
(x− xi)
α
|x− xi|3
(13)
while the ωi(x) represent differentiable functions, which take into account the
longitudinal components of the vectors Ωiµ(x). The form of the ω
i(x)’s cannot
be determined from Eqs. (8). At this point, it is possible to solve also Eqs. (9–
11) exactly with respect to the Ω˜
i
. However, this is not the end of the story,
because there are further constraints which can be obtained by applying the
differential operator ∂µ to Eqs. (9–11). Exploiting Eqs. (8) in order to evaluate
the curls of the Ωi–fields, one finds the following relations:
Ω1 · J2 −Ω
2 · J1 = 0 (14)
Ω2 · J3 −Ω
3 · J2 = 0 (15)
Ω3 · J1 −Ω
1 · J3 = 0 (16)
The solutions of Eqs. (14–16):
Ωi = Ji (17)
are inconsistent with Eqs. (8) if Ji 6= 0. In fact, since the currents Ji are
conserved by assumption, Eqs. (13) and (17) give two different and clearly
incompatible expressions for the transverse components of the Ωi fields.
In the next Section it will be shown how to solve this problem.
3 Solving The Problems: The Truncated
Topological Field Theory
We have seen in the previous Section that the abelian BF–model with a cubic
interaction term defined in Eq. (1) is inconsistent if the external currents Ji
are different from zero. The difficulties come from the undamped longitudinal
components of the Ωi–fields. In fact, these components are responsible for the
constraints (14–16), which are incompatible with the other classical equations
of motion of the theory. A possible strategy to overcome this problem is to add
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suitable terms to the action S, so that the new action is invariant with respect
to gauge transformations of the kind:
Ωi(x) −→ Ωi(x) +∇λi(x) (18)
The idea behind this strategy is that, once gauge invariance is established, the
longitudinal components of the Ωi’s become irrelevant. For instance, they may
be easily eliminated choosing a gauge condition in which the fields are purely
transverse.
To start with, we compute first of all the variations δλiS of the action S
under the gauge transformations (18). After a few calculations one finds:
δλ1S = Λ
∫
d3x∇λ1 · (Ω2 ×Ω3) (19)
δλ2S = −Λ
∫
d3x∇λ2 · (Ω1 ×Ω3) (20)
δλ3S = Λ
∫
d3x∇λ3 · (Ω1 ×Ω2) (21)
In deriving the above equations it has not been taken into account the fact
that there is no real dynamics in our theory and, for this reason, the expression
of the variations δλiS is unnecessarily complicated. Indeed, in the right hand
sides of Eqs. (19–21) there is a linear dependenceon the fields Ωi which is
hidden. To show that, we remember that the transverse components of the
Ωi’s are bounded to live in the subspace of all classical field configurations
determined by the constraints (8) and coincide with the vectors bi given in
Eq. (13). Exploiting these constraints, it is possible to rewrite the variations
δλiS in the form:
δλ1S =
4πΛ
κ
∫
d3xλ1
[
J2 ·Ω
3
c − J3 ·Ω
2
c
]
(22)
δλ2S =
4πΛ
κ
∫
d3xλ2
[
J3 ·Ω
1
c − J1 ·Ω
3
c
]
(23)
δλ3S =
4πΛ
κ
∫
d3xλ3
[
J1 ·Ω
2
c − J2 ·Ω
1
c
]
(24)
Here the symbols Ωic have been introduced to remember that in Eqs. (22–24)
the transverse degrees of freedom of the fields Ωi have been fixed by means of
Eq. (8).
At this point we denote with the symbol S the gauge invariant extension of
the action S and we try for it the ansatz:
S = S + S1b + S
2
b (25)
where S1b and S
2
b contain respectively terms which are linear and quadratic in
the fields Ωi:
S1b =
Λ
κ
∫
d3xΩ1µ(x)
[∮
Γ3
dxν3
(x− x3)
µ
|x− x3|3
b2ν(x3)−
∮
Γ2
dxν2
(x− x2)
µ
|x− x2|3
b3ν(x2)
]
6
+
Λ
κ
∫
d3xΩ2µ(x)
[∮
Γ1
dxν1
(x− x1)
µ
|x− x1|3
b3ν(x1)−
∮
Γ3
dxν3
(x− x3)
µ
|x− x3|3
b3ν(x3)
]
+
Λ
κ
∫
d3xΩ3µ(x)
[∮
Γ2
dxν2
(x− x2)
µ
|x− x2|3
b1ν(x2)−
∮
Γ1
dxν1
(x− x1)
µ
|x− x1|3
b2ν(x1)
]
(26)
S2b =
Λ
4πκ
∫
d3x∂µΩ1µ(x)
∫
d3y∂νΩ2ν(y)
∮
Γ3
dx
ρ
3
1
|x− x3|
∂x3ρ
1
|y − x3|
−
Λ
4πκ
∫
d3x∂µΩ1µ(x)
∫
d3y∂νΩ3ν(y)
∮
Γ2
dx
ρ
2
1
|x− x2|
∂x2ρ
1
|y − x2|
+
Λ
4πκ
∫
d3x∂µΩ2µ(x)
∫
d3y∂νΩ3ν(y)
∮
Γ1
dx
ρ
1
1
|x− x1|
∂x1ρ
1
|y − x1|
(27)
Since we are interested in the computation of Wilson loop amplitudes, the
expressions of S1b and S
2
b have been written directly for the special case in
which the currents Ji are given by Eq. (6). The generalization to currents of
general form is straightforward. The action S of Eq. (25) defines what we call
here truncated topological field theory or TTFT.
It is now possible to check that S1b and S
2
b satisfy the conditions listed below:
i) The variations of S1b and S
2
b under the gauge transformations (18) satisfy
the relations:
δλi(S
1
b + S
2
b ) + δλiS = 0 (28)
for i = 1, 2, 3. This condition guarantees the gauge invariance of the action
S.
ii) The addition of the counterterms S1b and S
2
b to the action S does not
affect the equations of motion (8) and (9–11) for what is concerning the
transverse components of the fields Ωi and Ω˜
i
.
iii) S1b and S
2
b consists of topological terms, so that the topological properties
of the action S are not spoiled.
To verify the validity of Eq. (28), it is sufficient to compute the variations
δλi(S
1
b + S
2
b ). A straightforward calculation yields the following result:
δλ1(S
1
b + S
2
b ) =
4πΛ
κ
[∮
Γ2
dx2 · λ
1(x2)Ω
3
c(x2)−
∮
Γ3
dx3 · λ
1(x3)Ω
2
c(x3)
]
δλ2(S
1
b + S
2
b ) =
4πΛ
κ
[∮
Γ3
dx3 · λ
2(x3)Ω
1
c(x3)−
∮
Γ1
dx1 · λ
2(x1)Ω
3
c(x1)
]
δλ3(S
1
b + S
2
b ) =
4πΛ
κ
[∮
Γ1
dx1 · λ
3(x1)Ω
2
µ(x1)−
∮
Γ2
dx2 · λ
3(x2)Ω
1
c(x2)
]
(29)
It is easy to realize that the right hand sides of Eqs. (29) coincide exactly,
apart from a sign, with the gauge variations δλiS of Eqs. (22–24) if the external
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currents Ji are given by Eq. (6). This proves condition i) and thus the gauge
invariance of the action S2.
At this point we note that S1b and S
2
b contain only the longitudinal com-
ponents ΩiL of the fields Ω
i. Due to this fact, condition ii) is automatically
satisfied and, moreover, it is possible to perform the following substitutions in
Eqs. (26–27):
Ωi(x) ≡ ΩiL(x) =∇(Ω
i(x)− Ωi(x0)) (30)
where the Ωi(x) are singlevalued scalar fields defined by the relations:
Ωi(x)− Ωi(x0) =
∫ x
x0
dxi′ ·ΩiL(x
′) (31)
In terms of the Ωi(x)’s, S1b and S
2
b can be written in a form which is explicitly
metric independent in agreement with condition iii):
S1b =
4πΛ
κ
[∮
Γ3
dx
ρ
3Ω
1(x3)b
2
ρ(x3)−
∮
Γ2
dx
ρ
2Ω
1(x2)b
3
ρ(x2)
]
+
4πΛ
κ
[∮
Γ1
dx
ρ
1Ω
2(x1)b
3
ρ(x1)−
∮
Γ3
dx
ρ
3Ω
2(x3)b
1
ρ(x3)
]
+
4πΛ
κ
[∮
Γ3
dx
ρ
3Ω
1(x3)b
2
ρ(x3)−
∮
Γ2
dx
ρ
2Ω
1(x2)b
3
ρ(x2)
]
(32)
S2b =
4πΛ
κ
[∮
Γ3
dx
ρ
3Ω
2(x3)∂ρΩ
1(x3)−
∮
Γ2
dx
ρ
2Ω
3(x2)∂ρΩ
1(x2)
+
∮
Γ1
dx
ρ
1Ω
3(x1)∂ρΩ
2(x1)
]
(33)
We stress the fact that in the above formulas the undesired presence of the
variable x0 introduced in Eqs. (30) and (31) has disappeared.
Before concluding this Section, let us show that the TTFT of Eq. (25)
is free from the inconsistences which affected the naive BF–model with cubic
interactions of Eq. (1). To this purpose, we need to study the classical equations
of motion of the fields. First of all, the variation of S with respect to Ω˜
i
produces again the constraints (8). The solution of these equations has been
already given in Eq. (13). Varying instead S with respect to the Ωiµ(x)’s one
obtains the following relations:
κ
4π
ǫµνρ∂νΩ˜
1
ρ(x) + Λǫ
µνρΩ2ν(x)Ω
3
ρ(x)
+
Λ
κ
[∮
Γ3
dxν3b
2
ν(x3)∂
µ
x
1
|x− x3|
−
∮
Γ2
dxν2b
3
ν(x2)∂
µ
x
1
|x− x2|
]
+
Λ
4πκ
∫
d3y∂νΩ3ν(y)
∮
Γ2
dx
ρ
2∂
µ
x
1
|x− x2|
∂x2ρ
1
|y − x2|
−
Λ
4πκ
∫
d3y∂νΩ2ν(y)
∮
Γ3
dx
ρ
3∂
µ
x
1
|x− x3|
∂x3ρ
1
|y − x3|
= 0 (34)
2Let us notice however that, similarly to what happens in the usual Chern-Simons field theories,
the gauge invariance of S is realized only up to terms of the kind
∫
d3x∇
[
λ
i · (∇× Ω˜
i
)
]
, which
can be discarded only if the theory is defined on manifolds without boundary.
8
κ4π
ǫµνρ∂νΩ˜
2
ρ(x)− Λǫ
µνρΩ1ν(x)Ω
3
ρ(x)
+
Λ
κ
[∮
Γ1
dxν1b
3
ν(x1)∂
µ
x
1
|x− x1|
−
∮
Γ3
dxν3b
1
ν(x3)∂
µ
x
1
|x− x3|
]
−
Λ
4πκ
∫
d3y∂νΩ1ν(y)
∮
Γ3
dx
ρ
3
1
|y − x3|
∂µx∂
x3
ρ
1
|x− x3|
−
Λ
4πκ
∫
d3y∂νΩ3ν(y)
∮
Γ1
dx
ρ
1∂
µ
x
1
|x− x1|
∂x1ρ
1
|y − x1|
= 0 (35)
κ
4π
ǫµνρ∂νΩ˜
3
ρ(x)− Λǫ
µνρΩ1ν(x)Ω
2
ρ(x)
+
Λ
κ
[∮
Γ2
dxν2b
1
ν(x2)∂
µ
x
1
|x− x2|
−
∮
Γ1
dxν1b
2
ν(x1)∂
µ
x
1
|x− x1|
]
+
Λ
4πκ
∫
d3y∂νΩ1ν(y)
∮
Γ2
dx
ρ
2
1
|y − x2|
∂µx∂
x2
ρ
1
|x− x2|
−
Λ
4πκ
∫
d3y∂νΩ2ν(y)
∮
Γ1
dx
ρ
1
1
|y − x1|
∂µx∂
x1
ρ
1
|x− x1|
= 0 (36)
We note that the differences between Eqs. (34–36) and Eqs.(29) are limited to
purely longitudinal terms, so that there is no effect on the transverse compo-
nents of the fields, in agreement with condition ii). Moreover, the longitudinal
components of the fields Ωi do not generate further constraints, contrarily to
what happens in the naive BF–model of the previous Section. As a matter
of fact, if one applies the operator ∂µ to both sides of Eqs. (34–36), it is easy
to realize that the contributions coming from the cubic interactions present in
the action S cancel exactly against the new contributions coming from S1b and
S2b . The reason is that now only the transverse components of the fields are
physical, while the longitudinal components are associated to gauge degrees of
freedom and remain thus undetermined by the equations of motion. In this
way, the extension of the gauge symmetry to include the transformations (18)
has solved the consistency problems discussed in Section 2.
4 TheWilson Loop Amplitudes of the TTFT
Summarizing the results of the previous Section, the action S describes a well
defined topological field theory coupled to a set of Wilson loops. Since the
inconsistencies of the original action S have been eliminated by the introduc-
tion of the terms S1b and S
2
b , we are now ready to compute the Wilson loop
amplitudes of the TTFT, which are given by:
〈W1(Γ1)W2(Γ2)W3(Γ3)〉b =
∫ [ 3∏
i=1
DΩiDΩ˜
i
]
e−iS (37)
Here the average with respect to the fields Ωi and Ω˜
i
has been written with the
symbol 〈. . .〉b to distinguish it from the analogous average of Eq. (37), in which
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the fields’ behavior is governed by the action S. Eq. (37) represents the most
general correlator of Wilson loops. In the following, we suppose that none of
the Wilson loop operators is trivial, i. e.
Wi(Γi) 6= 1 i = 1, 2, 3 (38)
This condition is useful to rule out simpler subcases which are not of particular
interest in the present context. As a matter of fact, it is easy to see that, in
the computation of amplitudes of the kind 〈Wi(Γi)Wj(Γj)〉b, 1 ≤ i 6= j ≤ 3,
the contributions coming from the cubic interaction terms present in S are
irrelevant. Thus, the TTFT behaves as a standard abelian BF–model and
delivers as topological invariants only the Gauss linking numbers of the set of
trajectories Γi and Γj.
Let us now come back to the evaluation of Eq. (37) under the assumption
(38). To eliminate the gauge freedom with respect to the transformations (3)
and (18), we choose the Lorentz gauge fixing, in which the fields are purely
transverse:
∇ ·Ωi =∇ · Ω˜
i
= 0 (39)
An immediate consequence of the Lorentz gauge is that S1b and S
2
b vanish
identically because they contain only the longitudinal components of the fields.
Thus, the amplitude (37) can be written as follows3:
〈W1(Γ1)W2(Γ2)W3(Γ3)〉b =
∫ [ 3∏
i=1
DΩiDΩ˜
i
]
e−iSq (40)
where the “quantum” action Sq is given by:
Sq = S − iSgf (41)
Sgf being the gauge fixing term
4:
Sgf =
∫
d3x
(
∇ϕi ·Ωi +∇ϕ˜i · Ω˜
i
)
(42)
In the above equation we have introduced the scalar fields ϕi, ϕ˜i, which are
Lagrange multipliers imposing the gauge constraint (39).
We stress the fact that the disastrous effects caused by the longitudinal
components of the fields if one uses the naive action S are brilliantly removed
by the presence of the gauge fixing term Sgf . Indeed, one may easily check
3Since the gauge group is abelian, the contribution of the ghost fields to the Wilson loop amplitude
(37) amounts to a trivial normalization constant which can be omitted.
4Let us note that, as it happens in C-S field theories, the topological actions S and S keep the
complex factor i in the Feynman path integral even in spaces equipped with Euclidean metrics. For
this reason, in agreement with our conventions, the gauge fixing term appears in Eq. (41) with a −i
factor in front.
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that the classical equations of motion coming from the action (41) are free of
inconsistences and admit the non-trivial solutions given below:
Ωi(x) = bi(x) (43)
Ω˜
i
(x) =
Λ
2κ
ǫijk
∫
d3y
(
∇
1
|x− y|
)
×
[
bj(y)× bk(y)
]
(44)
ϕ˜i(x) = 0 (45)
ϕ1(x) =
iΛ
κ
∫
d3y
1
|x− y|
[
b2(y) · J3(y)− b3(y) · J2(y)
]
(46)
ϕ2(x) =
iΛ
κ
∫
d3y
1
|x− y|
[
b3(y) · J1(y)− b1(y) · J3(y)
]
(47)
ϕ3(x) =
iΛ
κ
∫
d3y
1
|x− y|
[
b1(y) · J2(y)− b2(y) · J1(y)
]
(48)
At this point it is possible to compute the generic Wilson loop amplitude (40).
As in the case of the naive BF-model discussed in Section 2, there are only
two connected Feynman diagrams, which are represented in Fig. 1. The path
integrals in Eq. (40) may be easily evaluated integrating first over the Ω˜
i
fields
and then exploiting the constraints (8) obtained in this way to perform the inte-
gration over the fields Ωi. Alternatively, one can derive the analytic expression
of 〈W1(Γ1)W2(Γ2)W3(Γ3)〉b by means of successive Gaussian integrations. In
both cases the result is:
〈W1(Γ1)W2(Γ2)W3(Γ3)〉b = Nexp
[
−iΛ
∫
d3xb1(x) · (b2(x)× b3(x))
]
(49)
where the bi’s have been defined in (13) and N is a normalization constant
given by:
N =
∫ [ 3∏
i=1
DΩiDΩ˜
i
]
e−i
∫
d3x κ
4pi
ǫµνρΩiµ∂ν Ω˜
i
ρ (50)
We recall that the symbols Γi in Eq. (49) denote an ensemble of closed, non-
intersecting paths γi, γ
′
i, . . .: Γi = γi + γ
′
i + . . .. Due to the linearity properties
of the exponent in the right hand side of Eq. (49), however, it is clear that
the amplitude 〈W1(Γ1)W2(Γ2)W3(Γ3)〉b can be decomposed into a product of
correlation functions of three Wilson loops. For this reason, it will be sufficient
to consider from now on only the fundamental three loop correlation function
〈W1(γ1)W2(γ2)W3(γ3)〉b, putting Γi = γi, i = 1, 2, 3 in Eq. (49). As an upshot,
the TTFT (25) contains in practice a single topological invariant, which appears
in the exponent of the right hand side of Eq. (49) and it is given by:
H =
1
3
∫
d3xǫµνρǫijkbiµ(x)b
j
ν(x)b
k
ρ(x) (51)
To conclude this Section, we study the topological term H. In the following,
it will be convenient to interpret the vector fields biµ(x) of Eq. (13) as magnetic
fields[7]
bi(x) = −
1
κ
∮
Γi
dxi ×
(x− xi)
|x− xi|3
(52)
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generated by the currents ji = −
1
κ
Ji. Indeed, it is possible to see that the
biµ(x)’s satisfy the relations:
∇× bi = ji ∇ · bi = 0
∇× ai = bi ∇ · a
i = 0 (53)
where the ai’s are their associated electromagnetic potentials:
ai = −
1
κ
∮
Γi
dxi
1
|x− xi|
(54)
Moreover, one can introduce the multivalued magnetic potentials vi(x):
vi(x)− vi(x0) = −
∫ x
x0
dx′ · bi(x′) (55)
defined in such a way that bi(x) = −∇vi(x)5.
The most straightforward interpretation of H is that of an Hopf invariant
of the underlying gauge group U(1)⊗U(1)⊗U(1) ≡ [U(1)]3. To show that, we
build the [U(1)]3 group element
g(x) = e−i
∑
3
i=1
vi(x) (56)
It is now easy to check that, apart from a proportionality factor, H has exactly
the form of the desired Hopf term:
H ∝ ǫµνρ
∫
d3x
∂v1(x)
∂xµ
∂v2(x)
∂xν
∂v3(x)
∂xρ
g−1
∂g
∂v1
g−1
∂g
∂v2
g−1
∂g
∂v3
(57)
Another form of H may be derived introducing the Pauli matrices σi and
the vector fields
bµ(x) = σ
ibiµ(x) (58)
The expression of H as a function of bµ(x) becomes:
H =
1
6
∫
d3xTr [b(x) · (b(x)× b(x))] (59)
Here the symbol Tr denotes trace over the Pauli matrices. To go back to the
original formulation of H given in Eq. (51) it is sufficient to use the relation
Tr[σiσjσk] = 2ǫijk. Apparently, from the above equation H coincides with an
Hopf term for the group SU(2), which is not a symmetry group of our theory,
but of course one should remember that b(x) is not a pure SU(2) gauge field
configuration.
Finally, one can give a physical meaning to H exploiting the electromag-
netic analogy established by Eqs. (52–54) and the fact that the biµ(x)’s satisfy
5Mathematically, each vi(x) is the solid angle under which the trajetory Γi appears as seen from
a point x (see e. g.[8], Ch. 16).
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the classical equations of motion (34–36) in the Lorentz gauge. After some
calculations one finds:
H = −
4π
3κ
ǫijk
∫∫
Σi
dSi · (bj × bk) (60)
Here Σi denotes an arbitrary surface whose boundary is given by the contour
Γi, while dS
i is the projection of the infinitesimal area element of Σi along the
normal direction with respect to the surface. From Eq. (60) it turns out that
H measures the sum for i = 1, 2, 3 of the fluxes of the vector fields ǫijkbj × bk
through the surfaces Σi.
5 Conclusions
In this work a new topological field theory has been constructed, the TTFT
of Eq. (25), with the property that its perturbative series contains only the
finite set of Feynman diagrams given in Fig. 1. The TTFT is exactly solvable
and, besides the Gauss link invariant which already appears in abelian C-S
field theories, it produces the further topological invariant H of Eq. (51). The
latter has been interpreted as an Hopf term in Eq. (57). Another form of H has
been given in (59). This equation suggests also an interesting generalization
of the TTFT, consisting in the replacement of the cubic interaction present in
the naive action S with a new interaction of the kind
∫
d3xf ijkΩi · (Ωj ×Ωk),
where f ijk denotes the structure constants of a compact Lie group.
As a final remark, let us note that the derivation of the action of the TTFT
starting from the naive BF–model of Eq. (1) has some analogies with the way
in which gauge invariance is implemented in C-S based models of the quantum
Hall effect[9]. In our case a fictitious one-dimensional “boundary”, which lies
on the trajectories Γi, appears due to the introduction of the Wilson loops. The
inconsistent constraints (14–16) arising in the naive BF–model are all concen-
trated along these trajectories because of the particular form of the currents
Ji defined in Eq. (6). The analogue of the edge state action of the quantum
Hall effect is given here by the boundary terms S1b and S
2
b , which restore gauge
invariance in the fields Ωi and eliminate in this way the inconsistences of the
action (1).
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